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Abstract.

A few schemes of hierarchical quantum information splitting (HQIS) is proposed in recent

past. Some generalizations of the existing schemes of HQIS are proposed and explicit examples of HQIS
using 8-qubit cluster state and a few 4-qubit states are provided. It is shown that the states employed
for HQIS can also be used for probabilistic hierarchical quantum information splitting and hierarchical
quantum secret sharing (HQSS). Further, some examples of practical situations where hierarchical quantum

communication would be of use, are reported.
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1 Introduction

Many schemes of multi-party quantum teleportation
(symmetric quantum information splitting) have been
proposed in last two decades and that led to a set of
interesting applications like the controlled teleportation
and the quantum information splitting (QIS) schemes.
Other aspects of quantum communication like proba-
bilistic QIS, quantum secret sharing (QSS), etc. can be
viewed as applications of QIS. Recently, Wang et al. [1]-
[3] introduced the concept of asymmetric quantum in-
formation splitting in which a boss (Alice) distributes a
quantum state among several agents who are spatially
separated. The agents are graded according to their
power to recover the quantum state sent by Alice. A
high power agent does not require the help of all other
agents to reconstruct the quantum state, whereas a low
power agent can reconstruct it iff all other agents co-
operate with him. Thus, there is a hierarchy among the
agents, which is why the scheme is referred to as a hierar-
chical QIS (HQIS) scheme. We have generalized the idea
of Wang et al. and have investigated the possibility of
HQIS using an arbitrary (n+1)-qubit entangled state [4].
We have also shown that HQIS is possible for different
classes of 4-qubit entangled quantum states and 8-qubit
cluster state. We have further generalized our scheme to
introduce schemes for probabilistic HQIS, and hierarchi-
cal quantum secret sharing (HQSS). Due to limitation of
space only results related to HQIS using 8-qubit cluster
state is shown below.

2 A generalized approach to perfect
HQIS

Let us start with an entangled (n + 1)-qubit state of
the form )
— 1
% o)
where |1)o) and |i¢) are arbitrary n qubit states that
are orthogonal to each other. The subscript ¢ stands for
channel. The first qubit of |¢.) is with Alice and the rest
are with n agents, say Bobj...,. Alice wishes to teleport
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(share) among her agents a general one qubit state
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So the combined state of Alice and her agents is

[1hs) ® [te) =
s (100 A1) @ 5 110)0) + 1))

= \/%)[(IO(DI%) +101)[1)) + A([10)|tho) + [11)[¢1))]

2(1+|A[2

= 5= [1¥") (1) + M) + [97) (1ho) — Alehn))

24/ (1+[A2)

+ 161 (1) + Alvo)) + 197) (1) — Alvo))]

where [¢F) and |¢T) are Bell states given by |¢F)
(100 £ 1)), |6%) = L(01) £ |10)).

Now Alice performs a Bell measurement on the first
2 qubits. From (3) we can see that after the Bell mea-
surement of Alice the combined states of all the n agents
reduces to |U) = LOEAN) o) gty — [PyEAe) Ty
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complete relation between the measurement outcome of
Alice and the combined state of the agents is given in
Table 1 of [4]. This provides a basic structure to study
possibilities of HQIS using different quantum states. A
specific example is provided below using a 8-qubit cluster
state.

®

2.1 A special case:
(ICs))

Let us choose a 8-qubit cluster state as channel and
the first photon is with Alice and the rest are with Bob;
to Boby. Thus
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[the) is a 8-qubit cluster state
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where [¢) = J5[|0000000) + [0001111)]5...s and [¢1)
75[/1110000) — [1111111)]5...5.

Now after Alice’s Bell measurement on the first two
qubits if Alice’s measurement outcome is [1)*) then the
combined state of Bob; — Bob; collapses to |[¥¥),. g
which is written as (5) and can be rearranged as (6)



Table 1: Relation among the Bell measurement outcomes
of Alice and Bobs...; and the unitary operations to be
applied by Bob;.

Alice B0b273 B0b4757677 B0b1
outcome outcome outcome operation
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W), ) ) [1111) Z, 1
W), [97) ) [1111) 1,7
67, [67) 1) |0000) X, Y
67, [67)  |¥7) 0000) i, X
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If the agents decide that Bob; will recover the quantum
state sent by Alice, then we can decompose (6) as
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From (7) if Alice’s Bell measurement outcome is
[+ ) (]»~)) then Bob; can reconstruct the unknown state
by applying an unitary operator I(Z) with the collabo-
ration of Bobas (with Bell measurement outcome [¢p7)),
and one of Bobyser (with computational measurement
outcome |0)). As the measurement outcomes of Bobyser
are the same, so the communications from one of them,
Bobss and Alice would be sufficient for Bob; to recon-
struct the unknown state. Similarly, Bob; can recover
the secret state for all other cases of (7) and also if Al-
ice’s measurement outcome is |¢T), for which operations
applied by Bob; are shown in Table 1.
Now if agents allows Boby to recover the unknown state
then (5) can be rearranged as (8) and decomposed as (9)
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According to (9) if Alice’s Bell measurement outcome and
outcomes of joint (Bell) measurements of Bobiy, Bobsy
and Bobgg are communicated to Bob; then he can recon-
struct the unknown state by applying appropriate uni-
tary operators. As communications from all Bobs and
Alice are required by Bob7, but the same was not required
by Bob; so there exists a hierarchy. Similar conclusions
can be obtained when outcome of Bell measurement of
Alice is |¢F).

3 Conclusions

Wang et al.’s idea of asymmetric quantum information
splitting is generalized to provide a general framework to
study HQIS. Proposed scheme is modified to yield pro-
tocols of HQSS and probabilistic HQIS which are not
elaborated here due to space limitations. Detail of these
protocols can be found in [4]. The generalizations re-
ported here are expected to find applications in many re-
allife scenarios. Furthermore, the approach adopted here
can be easily used to study the possibilities of observing
HQIS, probabilistic HQIS and HQSS in other quantum
states.
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